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17.

Aivetain ovvaprtnon f . (O, +oo) — R yia tnv oroia toyvovv .
o f (1) =5
o xf'(x)= 2(1— f (X)), yia k6B x >0

(I) Na anodeilere 6t f(x) =1+ %, x>0

(I) Na vrodoyioete to sufadov E( 1) rov ywpiov mov mepikieisrar

arotnv C,, rov aéova x'x kat tic svbeiec x =1karx =1 us 0< A1 #1
(III)AV A>1lkaito A avéaver ue pvBuo 3 uov.lsec, tore va Ppeite
rov pLOud perafois tov eufadod E(A) tnv oty mov sivar A =2

xf'(x)=2(1-f (x)) = xf'(x)=2-2f (x) < xf'(x)+2f (x)=2

[MoAdarlacialw kot

10 SVO UEAT UE TO X

Eze16n x>0 0a & yw x#0

Av a#071ore ioyvein

1oodvvauia: 2\
ax=aysx=y (X ):ZX

& X(XF'(X)+2f (x))=2x < x*f'(x)+2xf (X) =2X
. , F'(x)G(x)+F(x)G'(x)=[ F(x)6(x)] ,
xzf’(x)+(x2) f(x)=(x2) & [f(x)xz] =(x2)
E 18] [f(x)xz}’ = (xz )’ yia k6 x € (0,+x0) Oa vrdpyet c € R tétoro
wore yia kabe x € (0,+0) va ioyder f(x)x* =x"+c
f(x) X’ =X*+C, y1a k6B x € (0,+%)(2)
Av x=1ano v oyéon (1) 6o éyw:

®érw x=1 f(1)=5

f(x)x*=x"+c = f(1)1’=1"+c—=5=1+c<c=5-1<c=4

f(x)x*=x*+c =4 | f(X)x*=x"+4
e =
['ia k60 x €(0,+00) ['ia k60 x € (0,+00)




81

( X% + 4 ] x? 4

Jf(x)z x? = f(x)= 7+F =
Ti00 k66 x € (0, +oo)J I'ia kd0e x € (0,+)

( 4

4f(X):l'f‘F [

Ti00 k60 x € (0,+)

(II)AV Ae (O,l)
=

1
[x_ﬂ} =_3_(1_£j=_3_z+£
X, A A

Av e (1, +0)

1+ 4 >O x;tOl

iy AN

A

[x——l :1_%_(_3):1_%3

—3—1+%,/Ie(0,1)

1—%—!—3,&6(1,4—00)

(I Eyw A'(t)=3 pov.lsec kar A(t,) = 2pov.
Av A(t)>10a éyw:
E(t)=2(t)-——+3

A(t)



1 (F(X)J F2(x) _/1'(t) l’(t)
E'(t)=4"(t)-4]| — — A(t)-4d—=L=2"(t)+4—=%
=204 55| = r- a0
Tnv ypovixy oriyun t, o poOuds ustafforns tov peraffolns tov
gupfadob E(1)Oa givar :
(ilzl_flt:t0=E’(t0)=zx(t0)+4/1 (&) =3+43=3+/(3=3+3=

2% (1)) 2? A

=6uov.” | sec
18.

Alverar ovveyng ovvaptnon [ R >R ue
of (x—y) f (X+Yy)=5ya kdbe x,y R
of(1)>0

(I)Na Bpebei o tomog s f

(II)Nea vrodoyiorei 7o f(2) f(-2)
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Avy=00céyw:

(X=y) f (x+y) =5 (X=0) f (x+0) =5 £7(x) =5 f (x)=£45
Eorwon f oev sivai orabepn tote Oo vrrapyovv x,,x, € R ye x, # x,
xat f (Xl):\/gicaz f (XZ)Z—\/g
Av X <X, :

(DH f givai ovveyiic oo KAeioto Sigonua [ x,, x, |
e oo |
Orore ocoupova pe 1o s pnua TV EVOLGUECOV TIUMV OTO KAEIOTO
Swortnua [ x,x, | vrdpyet & €(x,,x,) pe f(&)=0(ATOIIO)
Av X >X,:

(DH f givai ovveyiic oo Kletoté Sidonua [ x,, x|
{<n>f<x2>=—£<o<£= f(x) }
Orore ocoupova pe 1o s pnua TV EVOIGUECTOV TIUMV OTO KAELOTO
Swbotnua X, X |vordpyet & €(x,,x,) ue f(&)=0(ATOIIO)
Svvernds n | eivair orabepii cuvaprnon. Oxdref (x)=c yia kdbe x e R

f(1)>0

'E;(a):f(l):c<:>c>0

'E;(a):fz(x):5fg>o{cz :5}<:>c:\/§
c>0

Ondre f(x)= J5 yia k60 x e R.

Apa: f(2) f(-2)=+/55=5

19.

2m
AV yia kamoio ap1Buo m givai _[ (ex +3x° - 2x)dx =0, va anoociéere
m+1

ottm=1
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e*>x+1

Avm+1l<2m

e 2> X+1=e" +3x* —2X > 3" - 2X+ X +1= " +3x* - 2x > 3x* - x +1
Ocwpd o tpudvupo p(x)=3x* —x+1

A= —day =(-1)" —4:31=-11<0

Ereion A <0 xat a =1> 0 7o pvovouo go(x) givail mavrob Oetiko

2m
¥ +3x2—2x>3X° —Xx+1>0= e +3x*-2x> 0= J' (ex+3x2—2x)dx>0

m+1

(ATOTIO)

Avm+1>2m

0= T (eX +3x% - 2x)dx = —T(eX +3x% - 2x)dx = T(eX +3x% - 2x)dx =0
m+1 2m 2m

m+1

e*+3x-2Xx>0=> j (eX +3x%— 2x)dx >0( ATOIIO)
2m

Ornorte . m+1=2m=m=1
20.

X—>+0

2l
Na Bpebei to L= lim [e x —exl
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3 2

g(t):nytth—%,t 2O,g’(t):ovvt+1—%,g”(t)=—77yt—t
Avt>00a éyw:|nut| <|i|= nut| <t = —t <qut <t = —t <qut =
—t-nut<0=g"(t) <0 yia kGG t >0

{(I)g”(t) <0 yia kGBe t € (0,+0)

Oxo ’l 0,+
(I)H g’ eivar ovveyiic oro [0,+oo)} w0z g% [0+2)
g'l[O,-%—oo)

Avt>0 = g'(t)<g'(0)=g'(t)<0
{(I)g’(t) <0 yia kGBe t € (0,+0)

Orxd l 0,+
(II)H g &ivai ovveyiis oro [0,+oo)} wozz g ¥ [0, )
g1[0,+oo) 3 3

t>0 — g(t)< g(O):>77yt+t—%<O:>77yt<—t+%

13
1(x) 1 1 1

1 1
Avi=—X>00aéyonu—<-—+——=Snpu—<-—+—=
X X X 6 X X 6X
» 1 o 1.1 , 1 1 5
XNMU—<X|——+— |2 XU—<-X+—=>e *<e "=
X X 6Xx X 6X

Oétw:u=-2x+—,limu=-2lim x+l lim i:—oo

OX x>+ X—>+00 B x—>+o BX
1
. —2X+— . u
Iime % =Ilime" =0

X—>+0 U—>—0o0
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1 1
. —2X+— . . —2X+—
lim e* (e 6x —1J = lim ex( lime 6 —1J :(+oo)(0—l) = —0
X—>+00 X—>+00 X—>+00

xzry,u1 oxe L
(Ie x—ex<ex(e 6X—lj,x>0 .
1 Orndre: L= lim (exwx—ex]:—oo
o4 X—>+0
(II) lim e* [e 6x —1J = —0

X—>+00

21.

2
Noa vrodoyioreil To oAoxAy poua Ixx (Inx+1)dx,x>0
1

0=e" 6>0|,[In6*=xInh,0>0| (ef(x)) =e'f'(x)

2 2 2
J.xx (Inx+1)dx = J'e'”xx (INx+1)dx = Iex'”x (In x+1)dx
1 1 1

(xIn x)' :(x)' Inx+x(In x)' =1In x+x£: Inx+1
X
2 (xlnx)':lnx+12 ,
x*(Inx+1)dx = Iex'”x (Inx+1)dx = _[ex'“x (xInx) dx =
1 1

P m— N P ——

' 2 2
(exlnx) dx :|:e><lnx:|1 22 _ghl _aln2® a0 _ a4 _q_p 1_3

22.

Na géetdoste av vrapyst m >0 wore 8 —m”* <m* =2 yia ke x #0




87

Eorw vrapyet m e Rréroio aore yia kabe x #0va icyoet .
m*-2*>8"-m" < 2m"-2*-8*>0
Ocwpd tnv ovvaprnon f(x)=2m" -2 -8 . Tére av x #00u & yw
f(x)>0xa: f(0)=2m’—-2°-8° =0.4pa Ou icyder f(x)= f(0) yicx
kabe x e R .Ondre n ovvaprnon f éyst sldyioro ornv Béon x, =0
Avm=1:f(x)=2-2"-8&
f'(x)=-2"In2-8"In8
(I)To X, =0 eivat eowrepixo onusio rov (—oo, +oo)
(I1)H ovvdprnon f eivau mapayoyiown oro onueiox, =0
(II1)H ovvdprnon [ éyet eldyioro ornv Oéon x, =0
Orore ano 1o Oswpnua tov Fermat o éyw .
f'(%)=0<-2"IN2-8°In8=0<I2+In8=0<Inl6=Inl<
16 =1( ATOIIO)
AvO<m=1:f(x)=2m"-2"-8"
f'(x)=2m"Inm-2"In2-8"In8

(I)To x, =0 eivau sowrepiicd onueio rov (—wo,+0)

(II)H ovvdprnon f eivar mapayoyiown oro onueiox, =0

(IH)H ovvaprnon f éysl sAdyioro ortnv Béon x, =0
Orore amo 1o Oswpnua tov Fermat Oa éyw

f'(%)=0<2m’Inm-2°In2-8°In8=0<Inm*=In2+In8 <

m>0

INnm? =In16 < m* =16.5m =+/16 < m=4
f(X)=2:4" = 2" 8"
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AvXx#00a éym:

204 2 _8* 5 0> 264" > 2 1 8F 2;14 2,8

>—+—
X 4X 4X

2 + 8 <2<:>i+2x<2<:>2X i+2X <2:2" &
4 4 2" 2"

X 1 X X X X 2 X 2
2 ?+2 2% _ 242 <o@(2 ) _2:2%1+1° <0

(2*-1)° <0(ATOIIO)
23,

Eoron napayoyiown covaptnon [ R >R, ue f' yia tnv omoia

1oyoet:
2X, X <1
f'(x)=
( ) l+1,x>1
X

Aiverar axoun ot n eparrouevn tns C, oro onusio tne M (e, f (e))
OlEPYETAL ATTO TNV APYN TOV AEVDV .
2
X, x<1
['l.Na arodeiéere 6t1 f (x) =
Inx+x,x>1

I'2.Na Ppeite tov A € (0, +oo), av VAl yVaoTo 0Tl IoYDEL
A
2f(x
| 200 gy 974
X
I'3. Na arodsifsre ot1 i k60s x > 0 1oyvet x° > Inx + x. [1ots 1oy st

n1ocotnTa

I'd. Av yvwpilovue otin eéiocwon f (x) =, ¢y&l ovo piles avribsteg,

v PPEITE TNV UEYIOTN TIUN TOL UTOPEL VA TAPEL O TPAYUATIKOS

apiBuos a.
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[T ke x € (L+o) éyom f'(x)=(Inx+ x), Onére vrapysic, € R
TETOLO WOTE Y1 KOOE X € (1, +oo) va 1oyiet .

f(x)=Inx+x+c,

H (&) epanrouévn tng C, oro onueio tng M (e, f (e)) Oa é ye1 Elowon
y—1(e)= f'(e)(x—¢) > y—1-e—c, :(%Hj(x—e)

Ezc161 0(0,0) O é yo:
0-1-e—c :(%+1j(0—e)<:>ﬂ4—cl -1t & =0s0¢=0

Onére: f(x)=Inx+x, yia k6Be x € (1,+0)
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T k66 x e (—0,1] éxa f'(x) = (x2 ), Orére vrdpyeic, e R
TETOLO OTE Y1 KAl x € (—oo,l] VQ ICYVEL .

f(x)=x*+c,
2
f(x):{x-+%,x§1

Inx+x,x>1
Encion n ovovaptnon f eivar rapaywyiocun oro onusio x, =160a
sivai kai cvveyng oro x, =1. Apa Oa 1oydet
lim f (x)=lim f (x)=f (1) <1 +c,=Inl+l< ¢, =0

x—1" x—1"

Orére: f(x):{

N'2.Av0<ixl

X% x<1
InXx+x,x>1

1 1 2
jZfX( ) d=22-16 jZf( ) dx—22- 1@—I%dx_ (1-22)
1 A A

1
j2xdx:1—2/1<:>[x2l 12 e ¥ -22=1-21<12-21=0

A

A=0 A=2
& A(A-2)=04| Aromo piati |4 | Aromo yiati
O0<A<l 0<A<l
Av Ai=1
1
IZf(X)dx:24—1¢>0=1@%vﬂo)
X
1
Av 1>1
A A
jZf(X) dx=2z—1@jde:zz—1
X X

1

P C— N

In x X f : 4
2—— dx+2j—dx:21—1¢>I2h1xOnx)dx+2]dx:2ﬂ—1
X 1 1

[6%(x)] =26(x)G'(x)
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4 !
[(In*x) dx+2[x] =241 In* A-In*1+24-2=24-1< I’ A =1
1

(A>1=InA>In1=In1>0)= InA=1< A =e(Aekrij pari e>1)

I'3.@cwpd v ovvaprnon h(x)=x"-Inx-x,x>0

' 2_ _ 2_ 2_
h'(x):(xz—lnx—x):2x—1—1:2X Xx-1_ X —x+x -1
X X X
x(x—1)+(x—1)(x+1)_(x—l)(2x+1)_2x+1(x_1)
X B X X
x>O:{2X+1>O}:>2X+1>O
x>0 X

h'(x)zO X—1>0 X>1
& = =S x>1
x>0 x>0 x>0

I)h'(x)<0 17 0,1 v
(I)h'(x) <0 yiex k66 x €(0,1) Apa hb(0,1]
(II) H h &ivai ovveyiis oro (0,1]

hl(04]
Avxe(0,l)=x<l=h(x)>h(1)=x*-Inx—x>0=x*>Inx+Xx

I)h 0 17 1,
(I)h'(x)> 0 yrax k60 x € (1,+o0) Apa i [110)
(II) H h eivat ovveyiis oo [1,+0) A
hI[l,-%—oo)
Avxe(L+0)=x>1 = h(x)>h(l)=x*-Inx—x>0= x*>Inx+X

Avx=1:h(1)=1"-In1-1=0

Onére:x*>Inx+x,xe (0,1)U(1,+)>0

Onérs:x’ =Inx+x o x=1

I'4.H eéiowon f(x)=a éyei dvo piles avriferes. Tote Ou
Exmx,+x,=0,x %X, e f(x)=T1(x,)=a.Eorwx, =0.

Toze Oa é yw x, +x, =0 0+x, =0 x, = x, = 0( Arom0)

Xwpic pAafn yevikornras vrobérw ott x, > 0.Tors O éyw x, = —x,

Av0<x <1
f(x)=x"<1
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X, >0=—x <0= f(=x)=(-%) =x*<1= f(x,)<1

Onére: f(x)=f(x,)<1

Avx >1

f(x)=Inx+x

X, >1>0=%>0=-x<0= f(—x)=(-x) =x*= f(%)=x
Aro epirtnua T3

f(x)=f(x)=hx+x=x> — x=1(4rono)

Orore n uéyiorn tiun mov UTOPEL VAL TAPEL O TPAYUATIKOS QPIOUOS O

érotl eiowon (x) =a, éyeLovo piles avribetes sivar a =1.

24.

2

Aiverain ovvéprnon f:A=[0,+0)— R ka1 yia k60e x € A 1oybe
f2(x)+ 2 (x)+ f(x)=x°
A(y)NSo f TA

(e, )Na ppeite to f(A)

. f(x
B.Na Bp¢gite, av vrdpyst o lim L

X—+0 X
I'"N.0.on f givar rapayoyiowun oro A kot oty cvVE yela va

vroloyioere 7o lim f'(x).

X—>+00




93

A.(a)) Ocwpd tig ovvapriicerg g:[0,4+0) > R, g(x)=x"+x" +x kat
h:[0,+%0) = R,h(x)=x’. Téze Ocr é;(a)g(f(x)) = h(x)
9'(x) :(x3 +Xx° +x)' =3x*+2x+1>0

3x2>0

X>0=
{szo

}:3x2+2x20:>3x2+2x+121>0:>g’(x)>0

Ernci61 g'(x) > 0 yiex k66 x € [0,+0) mpoxirret ort g T[0,+00)

Avix <X =X <% =h(x)<h(X,). 4pa hT[0,+wx)

<X hI[O,+oo)
AV{Q,XZQ[O,W} = h(x)<h(x,)=g(f(x))<g(f(x))

97[0,+0)

— (%)< f(X)Zvveraps fT]0,+x)

(a,) £°(0)+ £2(0)+ £ (0)=0°= f (0)[ £*(0)+ f(0)+1]=0= f(0)=0
[G)ga)pa') 0 tprovopo t* +t+1.Exeidn A=-3<0xkara=1>0 HaJ

éywt’ +t+1yia kébst e R

£ 10, +)

x>0 = f(x)2f(0)= f(x)20.Zvverds f(A)<[0,+x)
AvO20kaig(0)=x%,% >0
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g(f(s xo))z(g/g)szg(f(g/g)):xo:g(e):g(f(3 xo)):g(é?)
97[0+)

= f(fx)=0

Orndre yia kaBe 0 €[0,+o) vrrd pyet x, €[0,+0) e f(%/g) =0

Orndre [0,+0) < f(A).Ezetdn f(A) < [0,40) kar[0,+0) = f(A) éyw
f(A)=[0,+oo)

B.{I(S)();OO}: £ (x)+ £ ()20 £2(x)+ F2(x)+ T (x)2 F2(x) =
FPx)< £2(x)+ £2(x)+ f(x)=x"= f3(x)

AV x>0 £2(x)+ 7 (x)+ F (x) = = . =l5=l=
o] 1040, 110

109,209, 100, [1120, 1 10
faxu}f{zéwm{in&hml

L R e

x>OfI[:O;;)f(x)> £(0)= 1 (x)>0= fzx(th f(xx)>o:
e

0o (00 0 110




2 2
Xvvernws Oo 1oydet f(x)—l‘{f (Zx)+ f(x)+1}:£f (ZX)+_2
X X X X X
117(x), 1 1(x)
(0 | x o e x
X fz(x) f(x)
5 +1
X X
f(x 1 f(x) 1
f(X)X>0f(X) E()Sl F E()S?
f(x)<x = <l= = -
X f2(x) 1f2(x) 1
<1 ———<=
X X X X
2
1f(x) 1f(x) 1 1
x> x  x x* x x
1 f(x) 1f%(x) 1 1]
o7 ( o E)S—Jr—z 1f2(x) 1 f(x)
X X X X X X e 1 L1
. 1 RO I R
< X X
f2(x)  f(x) S+ +1
s+ +1 X X
L X X
‘M_l g£+i2:>_(1+i2jg f(X)—lgi-l-iZ:)
X X X X X X X X

_(£+i2)+1< f(x) <1+ 1+%,x>0(1)
X

X—>+00 X—>+0

Iim{ +— +1 = Ilm 1+1+—}—1(2)

Ao tic oyéocig 1), ATTO TO KPITHPLO TNG TAPEULOING O & yw
. f(x
lim L =1

X4 X

I.Oa aroociéw otin | sivar cuveyne

{f3(x)+ f2(x)+ f(x)=x° }(:;
F2(%)+ £2(%)+f(%)=X




E;(a):fz(x) f( : ), 0=
F2(x)+f(x)f(%)+ F2(X)+f(x)+f(%)20=
F2(x)+f(X)f(%)+F2(x)+f(x)+f(x%)+1=1>0
= f2(x)+ f(x)f( f(

Oﬁéf€:|f(x)_f(xo)|: fZ(X)-i- f (X) f (X0)+ fZ(X)-I- f (X)"‘ f (X0)+1

'E;(a):fz(x)+f(x)f(x0)+f2(x)+f(x)+f(xo)+121
1

f2(x)+ f (%) f(%)+ F2(x)+f(x)+f(x)+1

3 3
‘x — X,

F2(x)+f(x)f(%)+ F2(x)+f(x)+f(%)+1

[£(X)= (%) <[ =x|[= =[x = x| < £ ()= £ (%) <X =x%°|=
—‘XS x3‘+f (%)< f(x)gf(x0)+‘x3—x03‘(3)
o) ] = im [P =37+ 1 (1) ]= 1 () (2)

4) KOt Qo 10 KpITH P10 TN6 mapsufBoins Ba

<l=

s‘x3—x03‘:>

Ilm[ ‘x — X, ‘+f

Ao tig oyéoeis (3),
éxolim f(x)=f(x
Avx;toxoz
[ ()= F (%) ][ F2(x)+ F(x) (%) + F2(x)+ F (X)+ F(%)+1]=x"=x’ =
()= F (%) ][ F2(x)+ £ (%) (%) + F2(%)+ f (X)+ F(%)+1]=

(x—xo)(x2 +xx0+x02):>

(
0)

F(x)-f(%) _ X%+ XXy + X, _

X — X, f2(x)+f(x)f(x)+F2(x)+f(x)+f(%)+1
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2 2
X“ 4 XX, + X,

l _ i _
T X )+ T T ()7 F2(x) 5 T (x)+ T (%) 71
3X,’
3F% (%) +2f%(%)+1
— 2
Oﬁérgif'(xo):limf(x) f(XO): : 3%,
% X=X 3F% (%) +2f(x)+1
3x°
fr(x): 3X2 _ 7 _
3f2(x)+2f (x)+1 3f*(x)+2f(x)+1
XZ
~ 3
- 2
B{f(X)} PG
X X X X
lim f'(x)= . 3 =3 g 021
X—>+00 +0+
B{Iim f(x)} c2tim Liim T i L
X—>+00 X X—>+00 ¥ X—>+0 X X—>+0 ¥

25.

Eotw o1 mapaywyiowes oro A=(-a,a) ovvaprioeis f,g,h dote
f(x)=g(x)h(x), g(x)>0xarl+g(2x)=29°(x), e xe A Nax
arnoogiéets 01 C, ,C, €yovv kotvo onuegio orov aéova y'y oto omoio

OlE PYETAL KOLVT EQATTOUEVT sVOEI L
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Oérw x =0 ornv oyéonl+ g(2x)=2g"(x):

1+9(0)=29°(0) <= g°(0)-g(0)+9°(0)-1=0<
9(0)[9(0)-1]+[9(0)-1][9(0)+1]=0<[g(0)-1][29(0)+1]=0«
g(0)=1
1 <g(0)=1

9(0):—5

(Awﬁo yari g(0)> 0)

Oétw x =0 oty oyéon f(x)=g(x)h(x):

F(0)=9(0)h(0) & 1 (0) =1:h(0) > £ (0)=h(0)

Apa 01 C, ,C, €yovv éva tovdd yioTov Ko1vo onuELo ndva orov aéova
y'y 70 ( f(0), O) = (h(O) , 0).'E0m) (&,).(&,) o1 epanrouéves tng Cy, C,
avricrolyaoro onusio (f(O) : O) Kat (h(O) : 0). Tére Oa éyw

A, =1'(0), 4, =h'(0)
1+g(2x)=2¢%(x)= [1+ g (2X)] = [292 (x)]’ =29'(2x)=4g(x)g'(x)=>
Zg'(2x)= Z+2g9(x)g'(x)= g'(2x) = 29 (X

)
Oétw x =00ty oyéon g'(2x)=2g(x)g'(x):

F()=900n() = 1'() =9/ ()X + 9 LN (1) =
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g'(0)=0
g9(0)=1

f'(0)=9'(0)h(0)+g(0)h’(0) = f'(0)=0+h(0)+1sh'(0)= f'(0)=h"(0)
=>4, =4,
Ezc161 o1 svbeies (&), (&, ) é yovv éva tovld yiorov Kotvé onueio ka

[loovg ovvrelsotég disvBvvong Tavtidovral.
26.

Alverar n oovaptnon f(x) —qe’ —x*-1,aeR, yiQ TNV OOl LY VEL .
nu(1(0)=1(0))=(0)-(0)

a.Na arnodsiesre otta =1

P.Na uelernoste tnv [ wg mpog tnv HOVOoTOVIa KAl T AKPOTATA.
y.Na usiernoesre tqv [ ws mpog tnv KupToTnTA

8. Qewpovue pia ovveyh ki nepurrij ovvéprnon g :[-11] > R.

1

X 2
N 5 14 14 —
a arnodeiéete oz'zj.l[g(x)qL f(x)+1jdx< 2
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a. f(x)= ae’ —x2-1, f'(x)= 2axe* —2x

=|x| < x=0
aua(11(0)= £(0))= 1(0)= £ (0)= mu( 1'(0) 1 (0)| =] /(0)~ £ (0)] >
f'(0)-f(0)=0< f'(0)= ( ) ae’-0"-1=0=a=1

B. f(x):eX2 —x? =1, f'(x)=2xe" —2x:2x(eXZ —1)

2 2
Avxz0=x2>0=e" >e? = e -1>0

2x <0 )
Avx<0:>{ ; }:ZX(eX —1)<0:> f'(x)<0
e’ —-1>0
2x>0 2
Avx>0:>{ , }:>2x(eX —1)>O:> f'(x)>0
e’ -1>0
I)H f —0,0 v
£y (I) givai ovveyiis oo (—»,0] Oret f 4 (-.0]
(IT) f'(x) < 0 y1x b x € (—o0,0)
I)H f 0,
£ yo: (I)H f givau ovveyiic oo [0,+x) Ondzs 1 1[0,4)
(I1) f'(x) > 0 yrax k60 x € (0, +0) A
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(I) f'(x) <0 y1x KGO x € (—0,0)
Eyo:(INH f eivar ovveyijc otnv Oéon x, =0
(I) f'(x) > 0 y1ex k6B x € (0,+0)
Oznére n f mapovoiddel eAayioro otnv Géon x, =01ov apifué f(0)=0

y.1"(x)= 2(x)' (exz —1)+2x(eXz —1), = Z(exz —1)+2x-2xex2 =

2(ex2 14 2x2exz)

) e’ > ¢ e —1>0
Avxz0=x">0=> = ] = f"(x)>0

2x°e" 2x%e*
Ocwpd tnv ovvaprnon h(x)= f'(x). Tére Oa éyw:
I)h'(x)>0 16 —0,0)U(0, +
o (I)h'(x)> 0 yex k6B x € (—o0,0)U(0,+0) Omies IR
(II1)H h eivar ovveyiis otnv Géon x, = A
Soveras [ ’TR. Apan f eivair kvptiy oro R

2

51[ +Jd-jg (e [

Iia odokApouo 1= J‘ g (x)dx Gewpdd tnv avrikardoraon x =—t
]

Avx=l-t=let=-1

Avx=-l.-t=-1let=1

dx = —dt

Ercion oovaprtnonn g [—1, 1] — R givat repirrn Oo 1oyder .
g(-t)=-g(t) yx kdbe t €[-11]

-1 -1

I= jg X )dx = jg dt):j(—g(t))(—dt):Ig(t)dt:—jg(t)dt:

1 1

1

_J'g



102

Onore: 1=-1<21=0<1=0

Apa:i[g(x)+ [ (f)ﬂjdx:j i (f)+1dx

1

Avx=0éywe* >x+1

AvX£0=> X2 20=eX >xi+1=e* —x2-1>0= f(x)>0=

2 2
x£0=>x>0 X

f(x)+1>0= <1

1
f()+1 "~ T(x)+1

<xX*yax#008aéym:

2 3

1 1 1 1 2 3 )3
I X dX<jx2dx:>J. X dx<{x—} :>I X dx<1———( Y
A0+ o o F(x)+1 3 ], Lf(x)+1 3 3
L2
:>j X d E
S f(x)+1 3

27.

Na fpeite o nAnBog twv Avcewv tns e&iowong .
22x +32x + 2x+13x — 23x + 22X3X
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22x +32x n 2x+13x _ 23x n 22x:3x PN (2X)2 +(3x )2 1 DeD% o3 _23x _22X3X -0

a2+ﬁ2+2;{3:(a+ﬂ)2
2Xé:X(2X+3X)2—2X22X—22X3X =0 (243 2% (2 +3) =0
(2+3)(2+3-2") =0 2"+3' -2" =0 2" +3' :(22)X N
|:{2X >O} X X X X j|
=2"+3'>0=2"+3 %0
>0
Awaipdd kat ta Svo puEAN tne

R A S A 2:2)" (3Y
2"+3" =4 &S =— o —+—=1| —| +
4* 4% 4 4§ 4:2

RERCR

Ocwpd tnv ovvaprnon f:R - R pe timo f(x)= (_j +(_j

2 4
f’(x):(EJ In£+(§J In§<0
2 2 4 4

4




O<£<1
2

O<§<1
4

m1<o
2

- 3
In—<0
4
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[Ej Inl<0
2 2 (+) (

(Ej In§<0
4 4

= f'(x)<0Zvverdg fl(—oo,+oo)

-

Eyo:<ovvaprnoeov

Orore . f(—oo,+oo) :(

X—>+00

(11) £ 4 (—o0, +0)
lim /(x), lim f(x)

X—>+00 X—>—00

Hn1f(x):lhn(%j +Inn(%j

(DH f eivar ovveyiic oo (—o,+0) wg mpdéels ovveyv

)= (O,+oo)

~0, lim f (x)= lim (%) + lim Gj "

X—>—00

lima” =

X—>+00

|

0,0<axl

+o00, 0 >1

lima* =

X—>—00

f

+00,0<ax <1

oa>1

X—>—00 X—>—00

Eze151j f(—o0,+00)=(0,+0) ue fl(—oo,—i-oo) kaile (0,+0) vrdpyet

povadikd x, € R pe f(x,)=1

28.

M ovvaptnon f:R — R givar dvo popés mapaywyioun rapovotilet

TOmIKO EAG Y1070 0710 1, 1 ypapikn tapdoTtacn TEPVAEL Ao TNV APYH TOV

alovaV Ko € yEL TNV 1010TNTA
f ( f ’(X)) > (X—l)2 yia k60s x € R
Na anodeiéere 6t (1) =0
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Ercion n ypapixn rapooraocn mepvact arxo tnv apyn twv aéovov Oa
éxw f(0)=0
(I)To x, =1é&ivat sowrepiicé onueio tov (—wo,+0)
(H)H Oéon x, =1 sivair Oéon romkov axkporaTov
(II1)H ovvdprnon | eivau mapayoyiown oy Oéon x, =1
Oznére ano 1o e prua rov Fermat Oa éyw f'(1)=0
f(f'(x))> (x-1)" & f ( f’(x))—(x—l)2 >0 y1a k60 x € R
Ocwpw tnv cvvapTnon g(x) = f(f'(x))—(x—1)2
Eyw:g(x)20pna kdbe xeR
Eyoig(l)=/(f"(1)-(1-1) =/(0)=0
Ornore g(x) = g(1) i kG x € R. Apa n g éyet eld yioro orny Oéon x, =1
Eyog'(x)= f’(f'(x))f”(x)—(x—l)2 yia k6ls x € R
(I)To X, =1é&ivat sowrepiicd onueio tov (—w,+0)
(II)H Oéon x, =1 eivair Oéon axporarov
(II1)H ovvdprnon g sivar rapaywyioun ortnv Oéon x, =1
Oznére ano 1o e prua tov Fermat Oa éyw g'(1)=0
9'(1)=0< f'(f(1)f"(1)=0e f'(0)f"(1)=0<
Eote f'(0)=0.0é7w x =0 ornv ajgéanf(f’(x)) > (x —1)2
f(£'(0))2(0-1)" & f(0)=(0-1)° < 021( 4romo)

Apa f"(1)=0
29.

0 -2
Na Bpebsi 101 = _[ny(x+1)2dx + J- ny(x+1)2dx
e 71
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0
Iia 0 odoxA pouc .f nu(x +l)2dx
21

Ostot=x+1
X=-1:t=-1+1<t=0,x=0:t=0+1<t=1dt =dx

0 1 1
In,u(x +1)2dx = jnytzdt = _[nyxzdx
-1 0 0

-2
['ia t0 odoxkAnpoua I nu (x +1)2dx
-1

Oétwz=x+1

X==1:z2=-14+1<2=0,2=-2:2=-2+1<72=-1dz =dx
-2 ) -1 -1

jn,u(x +1)"dx = jnyzzdz = .[szdx

-1 0 0

Oftw: x=—u

X=0:0=—ueou=0,x=-1:-1=-u<su=1dx=-du

Tn,uxzdx = j.n,uuz (—du) = —j.nyuzdu = —j- nux>dx
0 0 0 0

0 -2 1 1
I= Jn,u(x +1)2dx+ J. ny(x +1)2dx = J.nyXZdX—J‘n,uXZdX =0
-1 -1 0 0

30.

x® —4x+3
x> +4
o1 mpaypatikoi epr@uoi o, f av ro lim f(x)=2

X—>+o0

Eotwn ovvéaprnon f(x)= —ax+ B va npocdiopiorévy
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lim f(x)=2

D, ={XERZX2+4¢0}

Tia ks xeRéyw x> 20=> x> +4>4>4>0=>x° +4>0=>x° +4#0
Orndre D, =R

f(x)

~ x3—4x+3+(—05><+,3)(><2 +4) X —Ax+3-axX® + X’ —dax+4p

X° +4 x> +4 x> +4
(I-a)X+ B -4(a+1)x+48+3
- X% +4
Eotwl—-a#0.Tote Oa éyw:
. () [+e01-a>0
JLerf(x)_XILrpw 2 =(1 a)XILrpwx_ —oo,l—a<0(Am7m)
) ) (1—05)X3 ) —0,1-a>0,

= =(1- = A
Xhﬂof(x) lim 2 (1 a)XILrpwx +oo,1—a<0( 7070)

Orndrel-a=0< a=1.2vverawg o é yw .
2_
f(x)z'BX 8x+44+3

X° +4
2
lim £ (x) = lim ﬂx’; — B.Ométe f=2
31.

Na ppebei ocvvaprnon [ (O,+oo) — R, rapayoyiown ue
f(1)=-In(e-1) ke f'(x)=-1-e"", yia k66 x>0




(-f'(x))e ="Vl [e‘f(x)]’ —eWile [e‘f(x) +1] —e 41
Ocwpd tnv ovvaprnon g(x)= e "™l x>0
g'(x)=9(x) = g'(x)-g(x)=0=e"[g'(x)-g(x)]=0<

e g'(x)+9(x)(-e")=0ce g’ (x)+g(x)(e”) =0<(g(x)e™) =0
Yovvernwg vrapyel c € R téroio wore yia k6bs x € (0, +oo) va 1oyiet .
g(x)e*=ceg(x)ee* =ce” = g(x)=ce* < e '™ 41=ce’ (1)

[-n(e-1)]

Oérw x =1otnv J;(éan(l):e_f(l)+1=ce<:>e tl=ce

e"=6,0>0

" 1-cee>e-l+l=cece=ce>c=1

Toze ano v oyéon (1) 6a éyw:

e Wil e ™ope —1(x S0=>ef>1=ef 1> O)

Ing "™ = In(eX —1) & —f(x)Ine= In(eX —1) & f(x) =—In(eX —1)
32.

Ocwpod e dvo popés rapaywyiowun cvvaprtnon R — R ue

OLVEYN OEVTEPT TAPAYWYO VI TNV OTOLA 1GYDOVV

o £"(x)#0 yia ke x e R

e H xlion tng f oro unoév sivair unoev, evao n kAion tneg yoaeikng
mapaoraocng g [ oro (11) eivar 2

a. Na arnodsibere otin [ opépet ta koi Aa ava oro R.

P.Na arnoociEete 0TL UTOPYEL EPATTOUEVT] TNG YPAPIKNG TAPAOTACNG

¢ T, mov givai kabern ornv svbeia y = -2024x +1

y.Na anodeiéere 6t f(x)22x—1yia ke x € R

8. Na dboere v ekiowon f(x)+ e =2y

&.Na arodsiéste 6t I(fz (x)+ 2f(x))dx > %

0
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aEreidiin kAion g f oro undév ivar undév Oa éyo f'(0)=0
Ercionn klion tng f oro (1, 1) givar unoev Ba éyw '(1) =2
iy {(I) H f' ovveyiic oo [0,1)wg ﬁapa}/a)yz'awn}
(INH ' zapaywyiowun oro(0,1)
Orore n [ ixkavoroiei tig mpovrobéocis tov OM.T oro KAsioTo
Swornua [0,1). Ondre o vrapyet éva tovdd yiotov x, €(0,1) réroro
WOTE VA ICYVEL .
() = f'(1)-'(0) _ 2—1:2
1-0 1-0
. |(D)H " ovveyic oro R
d '{(H) f"(x)# 0y kdbe x e R }

Ondre f"'(x)>0 yia kéle x e R 1" (x) < 0 yiax k60 x € R. Ezerdig
vrdpyer x, pe £'(%y) >0 mpoxvrzer ot f(x)>0 yiar k6 x R

YXvverws n | opépst ta kol Aa ave oro R
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(D)H ' eivar ovveyijc ozo [0,1]
1

Im)f'(0)=0

(1 (0) <2024

Onére ano to OET vrdpyer & €(0,1) ue f'(£)

B Eyw:

<2=1'(1)

1

- 2024

Av (&) n eparrouévn tns C,oto onueio exaic A(zf f (5)) To7€ Qo

, , 1
éxo i, =f"(&)= 024

(7):y=-2024x+1,4, =-2024

Exw: A2, = ﬁ(—zom) =1

Svvernds (&) L(n)
. Av (&) n epanrouévn tng C,oro onueio exapig B(l, f (1)) TéTE M

(&) O éye1 eéiowon :

f(1)=1
f/(1)=2

y—f(1)=f'(1)(x-1) =>y-1=2(x-1) = y=2x-1
Ercidon n f orpéper ta koiAa v oro R Oa éyw
f(x)>2x-1

H icornra Oa woyvet povo av x =11

0. Avx#llaéyw:

f(x)>2x-1 f(x)>2x-1 f(x)>2x-1
e J= o 1=l 17

f (x)+e‘“‘ >2x—1+1= f (x)+e‘x‘” > 2X
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AvXx=10aéyw:

f(x)=2x-1 f(x)=2x-1 f(x)=2x-1
B S T S

f(x)+e" ¥ =2x-1+1=2x
Apa n e&iowon f(x)+ e = 2x é yer povasixi pida ro x =1

1

Idx:l

0

(£2(x)+2f (x))dx>%@j(f2(x)+zf (x))dx+1>%+1<:>

E.

O ey

( +2f )dx+'|'dx> <:>J- +2f +1)dx>:®

2 4
(f(x)+1) dx>§

1
Apkel va arodeiEw I ( f (x) +l)2dx > %

0

Avxe[0,1)0a éyw:
f(x)> 2x—1}:>{f (x)+1> 2x>0}:> [f (x)+1}2 >(2X)2 _
X e [0,1) X e [0,1) X e [0,1)

[f([X)J;l} > 4X }:j +1 dx>j4x dx:>.[ +1 dx>4jx2dx:>
xe|0,1 0
1

¢ X : ® 0
(f(x)+1) dx>4{—} :>j X)+1) dx>4(———J:>
) 3| 3 3 3
1
4
f(x)+1)dx >~
.([( (x)+1) x>
33.
% 14 14
Avl =I VWJ X —dx kot J VGUV X —dX é7mov v Oetixog
o U X+ ovV'X nu’ X+ ovv'Xx

[
BN oIy

axépaiog va ociéeste ott I =J =
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2 X 2 ; %
|+‘]:j j Vm)vx nyx+auvx
Ony X+ovv’ x o N X+ovv” x o M X+ovv” x
% T I T
:J.dx:[x]gz——oz—
5 2 2
% ovV'X
anfoo/lox/lﬁpa),uajzj‘ - —dXx
o X+ ovv'X
Ostw xzz—t
2
x=22 -l 422 T t—0et=0
2 2 2 2 2
x:O:%—'[:O<:>'[:z

- —f MUY g :f Kt dt:J%
ooV t+nu't ooV t+nu't )
ovv(—— Xj = nux, 77/1(—— Xj = oLVX
T
1= 2 T
l+l=—2l=—cl=5to]=—
2 < 2 4

Orors: I =J=

34.

nu't

dt =

ocuov't+nu't

u" X

dx = |

ouv'X+nu’X
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Eotw a>0kat f,g ovvaptijoeig ovveyeis oto [—a,a. Av f sivai

dpia kai icydet T g(f(x))dx = c va voAoyiorsi to I = T g(%g))dx

Oétw: x=—t
X=—a.-t=-aSt=«
X=a.-t=acat=—

dx = (~t) dt =—dt

oL faltin) gy | ol

I:c—l<:>2I:c<:>I:%
35.

Ot ovvaprtiosis f,, f, sivai ovvsyeic oro R kain f, apria kat

mep1odikn ue mepiodo T. Na dgiere ot
T T
T

jx( f o fz)(x)dx:Ej( f o f,)(x)dx

0 0
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Eneidi) f, eivan neprodixii pe mepiodo T Oa éyw: f,(x+T) = f,(x)
Eneidi f, eivai dpria Oa éyw: f,(—x) = f,(x)

T

'E;(a):I:J.xfl(fz(x))dx

0

Oétw:x=—t+T
X=0:-t+T=0c=t=T
X=T:—t+T =T <t=0

dx=(~t+T) dt = —dt

J(-4oT) E(f Ot =—] (1, ()t [T 11, (1))t =

—

_i tfl(fg(t))dt+T‘T([ fl(fz(t))dt=—£ xfl(fz(x))dx+T]; f(f,(x))dx =

—L+T [ (F,(x))dx

T
2

f(f,(x) i

| =—I +T_T[ f,(f,(X))dx < 21 :TT[ f(f,(X))dx <1 =

36.

O Ly —

H ovvapnon g sivai ovveyiis avéovoa oro [1,4] ue g (1) > 0 kxau

9(1)9(2)g(4)=8.Na anodeiéete érivmdpyet p €(0,4| ue g(p)=p
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L4
xe[lL4]= leg£[>]g(x)2 9(1)>0=g(x)>0
Orndre: g(x)>0 yiar ke x [1,4]
Eotw g(x)# x yia kb x €[1,4].Ocwpd tnv ovvaprnon
h(x)=g(x)—- Xy ke x € [1,4]

(I)H EIVAL CLUVEYNG OTO [1, 4] WG OlAPOPL. CUVEY WV OCUVAPTHOEDV
{(II) h(x) #0 y1ar k60e x €[1,4] }
Orndre h(x) >0 yia kb x €[1,4] 7 h(x) <0 yia kébe x [1,4]
Avh(x)>0ya kabe x [1,4]

h(x)>0 g(x)>x
-
T ke x €[1,4] T kdbe x €[1,4]

g(1)>1

9(1)g(2)g(4)=8

9(2)>2;=9(1)9(2)g(4)>212:4 — 8>8(ATOIIO)
g(4)>4
Avh(x) <0y ke x €[1,4]
[ NC T
IR kd0s x €[1,4] T kdbs x €[1,4]
9(1)<1 a(Da(2)a(4)-8
0(2)<2t=g(1)g(2)g(4)<12:4 —5 8>8(ATOIIO)
g(4)<4

Svvendg vrdpyet éva tovddyiorov p e[1,4] pe g(p)=p
37.

Eoro f,2:R - R rapaywyiocwues cuovaptioeisc kat icyvovv
e f(0)=g(0)=0
o f'(x)=9'(x)+e” -2x-1xeR

1 1
Na Ssiyrei 6 jf(x)dx > jg(x)dx
0 0
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f'(x)=g'(x)+e* -2x-1< f’(x)=g’(x)+( ij _(Xz)'_(x)' =

f’(X)=[g(X)+%—X2—XJI

Orndre vrapyet c € R téroros wore yia kabe x € R va ioyder :
2X
f(x)= g(x)+e7—x2 —X+C
0 f(0)=g(0)=0

Av x=0: f(O):g(O)+%—02—0+c P 0:0+%+c<:>c:—%

2X 2% 2
f(X):g(X)+e7—X2—X—1<:>f(X)— (X):e —2X2—2X—1
1 2x 1 2% ' oy 1
E o -2x-1, 1 {e _Xg_xz_x}dng{e —X3—x2—x} i
0 2 20 2 2 2 0

2 2

1{3_3_1}@ 7.,
2| 2 2| 2 2

Eyw.e>2,1=e">217"=e>7,21>T=¢e" -7>0
e —2x* -2x-1
f()-g(x) = =2
1

1 _2x 2
Ie _2X2_2x_1dx>0:>jf(x)dx—
0 0

g(x)dx>0=

O e

Eoto f:[a, ] > R 2p0pés mapaywyiowun oro |a, B kat icyvovy
a) f(x)#0na kdbe x ela, f]
B)T'(x)#0 yia k6be x €| a, B]
fla) f'(a)
V) T)
Na Seiyrei 611 Oa vrapyovv ¢, €(a, ) réroia dore

(&) f"(&)+1(&)f"(&)>0
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Ocwpd tnv ovvaprnon g [a, Bl — R ue timo g(x) =

@) (@) o o
f(ﬂ)_f'(ﬂ) f( )f(ﬂ) f( )f(ﬂ)

(Alazpd) Kol Ta OO ueAn tng e&iocwoncs ue f’(a)f'(,B)J
f'(a), f'(B)20= f'(a )f’(,B);tO

O M
| FOOT 0 - F(x) (%)
g(x)—[f,(x)}— 000 el

(I)H ovvéprnon g sivai ovveyiis oro kKAeioté Siaornua [a, f]

WG TNAIKO OUVEY @V CUVAPTHOEDV
(I)H ovvaprnon g eivar mapaywyiowun oro avolkrd Steotnua
(a, f) ws mniiko mapaywyicmv covapticemy

() g(a)=9(p)

Orore n ocvvaptnon g IKAVOTOIEL TIG TPOLTOBETELS TOL BewPn LA TOS

zov Rolle orov Kleioté Sicornua [a, B. Apa Oa vrdpyet éva

tovAd yiorov & €(a, f) téroto dore g'(&) =

g(6)=0e TEV T HEVE) o ¢ ey prs)= 1 (a)

f'(&)
, , ) H&a) " (&)=1(&)
Lela,p)= 1 (&)#0=> (&) >0 —  f(&)F"(&)>0(1)
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Oswpw tnv ovvaptnon h: [a,ﬂ] — R pe tomo h(x) =

@) 1) o
f(ﬂ)_f'(ﬂ) f( )f(ﬂ) f( )f(ﬁ)

[Azazpa’) KO T OVO UEAT TNG EElOMWONG LUE f(a)f(ﬁ)]
f(a), f(8)20= f(a)f(B)20
;ﬁﬁwm:waﬂﬂjvawajM@:Mm
UaTT(p) (o) thp) 1A T(a)

N (G N A C A CI R A C

109+ e | = el

((I)H ovvaptnon h eivat cOVEY NG OTO KAELOTO OIGOTNUX [a, Jij ]

WG TNAIKO OUVEY WV CUVAPTHOEDV

N

(II)H ovvaptnon h sivair rapayoyiocyun oro AVoikTo Jl6oTNia
(a, p ) WG TNAIKO TP AYy@yICIHDV COVAPTHOEDV

(I)h(a)=h(p)

Orore n ovvaptnon hikavonolei Tig TPovLTOOEcEIs TOL BewpPn LA TOS

rov Rolle orov Kleioté Sidornua [a, B]. Apa o vrdpyet éva

rovléyiorov &, €(a, ) réroto dore h'(&,) =0.

(&) =0 f(&) "(5)-F(&) o F(5)17(5)=1'(&)

(&)
H&)f(&)=1(&)

Lela,f)=1(5)20=>1(5)>0 =  1(&)f"(&)>0(2)
Ao tig oyéoeis (1),(2) éyw:

{f(él)f"(§1)>0
f(&)f"(&)>0

}: (&) F7(&)+ (&) 17(&)>0

39.

Na Avbsi oo R avicwon :

X2 +x+1

e e+ x*>0
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2
Ocwpaw v ovvdprnon f(x)=e " - +x* xeR

!

f!(x):(ex2+x+l_ex+1+x2) :(Zx+1)ex2+x+1_ex+1+2X

!

£(x) = (2x+1) " 4 (2x +1)(ex2+x+l) e 4 2=

Zex2+x+l:ex2+x+l+ex2+x+1

2 2 2

— 2ex +x+l+(zx+1) ex +x+1 _ex+1 +2 —
ex2+x+1+(zx+1)2 ex2+x+1+ex2+x+1_ex+l+2:

_ ex2+x+1 +(2X+1)2 ex2+x+1 +ex+1(ex2+x+l—x—1 _1)+ 2—

2 2 2 2
ex +x+1+(2X_|_1) ex +x+1+ex+1 (ex _1)+2

2 ) 2 2 % 2 )
(2x+1)" 20 e (2x+1)" 20| |7 (2x+1) 20
2 2 2
ex +X+1 > 0’ e><+1 > O — ex +X+1 > 0, ex+1 > 0 L — ex +X+1 > O, ex+1 > 0 —
x>0 e >1 e —1>0

e (2x+1)" > 0

st (ZX +1)2 2 O\ ot (ex2 —l) >0

) e><2+x+1 >0, ex+1 >0 L=
exz 150 ex2+x+1 >0
2>0

g +(2x +1)2 g X 4 Xt (ex2 —1) +2>0= f"(x)>0

Ezcioi [ (x) >0 pia kdbe x e R f' eivar yvnoiws avéovoa oro R
f'(0)=(2:0+1)e—e+0=0

f’IK‘
Avx<0=f'(x)< f'(0)= f'(x)<0

TR

Av x>0=Tf'(x)> f'(0)= f'(x)>0
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(I) f'(x) <0 yix KGO x € (—0,0)

(I) f'(x) > 0 y2ex kB¢ x € (0, +0)

(I H f givai ovveyiic otnv Géon x, =0
Orore n ovvaprnon f ¢yst eAdyiorn tyun ornv Béon x, =0 tov
apifué f(x,)=f(0)=e—e+0=0
Apa ba éyw f(x)= f(0)= f(x)=0
Eotw vrdpyer x, <0 pe f(x)=0
(I)H ovvéprnon f eivai ovveyiis oro kAgiotd Sidornue [x,,0]
(H)H ovvaptnon | gival Topaywyiciun oro aVoiKTo OlGoTHUA
|(%.0)
(1) () - £(0)

Orore n ovvaprnon f ikavoroisi tig Tpovrobeoels ToL BsWPNUATOS

tov Rolle orov xleioto dsornua [xl, O]. Apa Oa vrapyst éva

tovAd yiotov &, €(x,,0) réroro wore f'(&)=0.

Aromo yiati f'(x) <0y kGOe x € (—0,0)

Eorwvrapyst x, >0 us f(xz) =0

(I)H ovvéprnon f eivai ovveyiis oro kAeloté Sidornua [0, x,]
(H)H ovvaptnon | sival Topaywyiciun oro aVoiKTo OlGoTIUA

|(0x)

() f(x;) = 1 (0)

Orore n ocvvaprnon f ikavoroisi Tig TPovrobeoels ToL BsWPNUATOS

tov Rolle orov kleioro disornua [0, xz]. Apa o vrapyet éva
tovAd yiotov &, €(0,x, ) réroto dote f'(&,)=0.

Aroro yiati f'(x) >0 yia kabs x € (O, +oo)

Orore yia k60s x € (—oo, O) U (O, +oo) Oa éyw f(x) >0

40.
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Aiverain f(x)=x"+ A" +(xk1) " +2021, xe R ue 0<x, A,k #1.
Na aroociéere ot :

(I)H ompéper ta koi Aa aveo oto R

(I) f (x) = 2024 y1cx k6 x € R

f'(x)=x*Ink+ A INA—(xA) " InxA
f"(x)=x"In’ c+ 2°In° 2+ (xA) " In® 1,2
O<x=1 Inx#0 In x>0 I’ x>0

0<A#1 !=<IN1#0 ‘!={IN*1#0 '={A"In*A>0 =

0<xd=1 InxkA #0 In? x4 =0 (;d)_xlnzzd>0

K I’k + 2 In* A +(xk2) "I kA > 0= £"(x)>0
Ereion f”(x) >0y kb x e Rn f oroépst ta koi Aa mpog ta avaw
oro R.Oxdre nn f' eiva yvnoiwc avéovoa.
£'(0)=&’Ink+A°IN2—(xA) " Inid =k +INA-Inxd=Inxd —Inxd =0
TR
Av x<0=f'(x)< f'(0)= f'(x)<0
TR
Av x>0£>f’(x)> f'(0)= f'(x)>0
(I) f'(x) <0 yiex KGO x € (—0,0)
(I) f'(x) > 0 y1ex kB x € (0, +0)
(HI) H f givai ovveyns ortnv @éon x, =0
Orore n ovvaptnon f éyel eAdyiorn tiun ornv Béon x, =0 rov
aptbué f(x,)=f(0)=&"+2°+(x2) +2021=2024
Apa ba éyw f(x)= f(0)= f(x)=2024
41.

Eotwn kvptii ovvaptnon f(x)=x"—2mx’ +6(m-1)x" —4mx+8,x e R

Na arodeiéere oti: f(x)=x" —4x° +6x° —8x +8
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f(x)=x"-2mx’+6(m-1)x* —4mx+8

f'(x)=4x>—6mx* +12(m—-1)x—4m

£7(x)=12x* —12mx+12(m-1) =12(x* - mx+m-1)

Ercionn [ eivar kvpry Oa 1cyvst f”(x)ZOj/za kb x € R.Onore .

x> —mx+m-1>0 yia k60 xR

Soverdg:A<0e (—m) —4(m-1)<0 & m* —4m+4<0e (m-2) <0
(m-2)"<0

{(m—z)2 >0

Oa ociéw ot yiam=2n f sivail kvptn

f"(x) :12(x2 —2x+1) =12(x—1)2

}@(m—2)2:0<:>m—2:0<:>m:2

Ocwpd tnv ovviprnon g(x)= f'(x),xeR
(I)g'(x) >0 y1ax k60e x € (—o0,1)
(I1)g'(x) > 0 y1ax k60 x € (,+0)
(IIT) H g eivai ovveyijs otnv Géon x, =1
Ornore n g eivat yvnoiwg avéovoa. Zvvernws [ yvnoios avéovoa
Apan f eivar kvpry. Tote yiao m =2 o toros e f yiverat .
f(X)=x"—2:2%° +6(2-1)x* —4e2x+8 = x* —4x° + 6x* —8x +8
42,
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Alverar n ovovaptnon f - {O, %} — R, mapaywyiowun oro {O, %} i

NV Omoia 1GYVEL OTL :

xf'(X)+ f (X)=-nux yia kabe x e (0%)

ovvx—1 ( 7Z':|
—Xe|0,—
a.Na arodeiere ot f(x) = X 2

0,x=0
PB.Na aroociéere otin | avriotpéperal kat va Ppeite T0 mEST0 0PIOLOD
e 7
7. Av a, f €(0,1) va ovykpivere tovs apiBuoig f(a2 +,82) , f(a+pB)

S.Na vroloyicere to Iirrg xf(x)
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! !

a. xf'(x)+ f (x)=—nux < xf'(x)+ f (x)(x) =(ovvx) <

(xf (x)) =(ovvx)

Ezeion (xf(x))' — (o-uvx)' yio K6Os x € (O%) Oc vrapyet c € R téroro
, . , T
DOTE VA ICYVEL . Yid KGOE X € (0, Ej

xf (X) =oLVX+C yix Kb x € (0,%}
Ercion n cuvaprnon f civar cuveyns oTo KAEICTO KAl PPAYUEVO

; T , ’ ’ ,
oaorTnua {0, E} armo 10 Oswpnua UEYIOTNG KAl EACYIOTNG TIUNG

14 14 4 4 14 14 7Z—
Oa éyer uéyiorn kat eAdyiorn ryun. Oxors Oo vrdpyovv x,,x, € {O, E}
TETOIA WOTE VA 1ICYVEL .

m< f(x)sm,f(xl):m,f(xz)zmmmegxe[o,ﬂ

Av Xe[O,%jHa Eym:

x>0

m< f(x)<M—mx<xf (x)<Mx
(D)mx < xf (x)<Mx, xe (O%)
(H)Ixiirg(mx)zlxim(Mx):O

Ordre amo to KpiT1 p1o NG TOPEULOANS Ba € yw Iirrg xf(x) =0
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Av Xe(O,%) Oa éyw:

xf () =ovvx+c=limxf (x)=lim(ovvx+c)=>0=c+1l=>c=-1

x—0 x—0
Av Xe(O,%) Oa éyw:

XE(O,£)3X¢O
2

xf (X):Guvx—l & f (x):&x_1

X
_ovvx—l

Onére: f(x)=——— yia kG x € (O, %)
X

Ercionn f civar rapayoyiown {0, %} Oa sivai kot cLVEY NG OTO
T , , , , , T
{0, E} Orndre Oa eivair ovveyng avriororya ora onueia &, = 2 Kot

& =0.4pa baéyo f r =lim f(x)xat £(0)=lim f(x
)< tim f(x) s £ (0) = lim

X—>=
2

f(%j: lim £ (x)= lim 2—2=_2

Va ~ T /4

x—>E x—>E -
2

, ovvX-1 | /4 .
Av ormnv mapacraocn ——— Béow x = > Oa éym:
X

T
ovvx-1 V5~ E_f(ﬂj
X T V4

2

Ondére: f(x) _ovvx-1 yio KGO x € (O, %}
X

£(0) = lim f (x)= lim 2% 71 _

x—07" x—0" X

0

B.Av Xe(O,%j@a SCY

!

_(auvx—l)’ x—(ovvx—-1)(x) _ —xnux—(ovvx-1)

f'(X)— X2 X2 -
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_ Xnux+ovvx-1

X2

Ocwpd tnv ovvaprnon g(x)=xnux+ovvx-1lxe (O, %j

!

9'(x)= (x)' X + x(n,ux)' + (auvx)' = UX + XOUVX — X = XOLVX

Ezc161 g'(x) >0 yia k6be x € (O, %) TPOKVOITEL 0TI gT(O, %j

(g T(O’%]

Eyow:
(II) H g eivai ovveyijs oo (0%)

Ordre: g(O,%)z XILrglg(x), “T*g(x) =(O,§—1j

[%—1>0<:>%>1<:>7r> 2(10;51551))

Orore g(x) >0 yia k60s x € (O, %) ;

Xnux+ovvx -1

X2

Xnux+ovvx—1>0 < —(xgux+ovvx-1) <0< —
; ’ T
f (X) <0 yia xkabs x € (O,EJ

(I) f'(x)<07/za Kd@gxeﬁO,%j
Eyw:

(INH f eivar ovveyijc oro [O,%}

Emﬂén’fi[O,%}n | avrorpéperal.
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(1) f l[o,ﬂ

(I H f sivar ovveyiic oro [O,

o [o5]-15)r0] [ 29
o (s 2e

y.Ava,Be(01)0aéym:
a’+pi<a+feoa’-a+f-f<0s a(a-1)+B(B-1)<0(loyder)

a>0 a>0

Eyw:

NN
|

01 a<l a-1<0 a(a-1)<0
a,fe(01)= ﬁ>0>:> 550 L= =
p<1 B-1<0

a(a-1)+p(f-1)<0
fi[o,ﬂ

Onére:a’+ B <a+pf = f(a2+ﬂz)>f(05+ﬂ)

0. '15;(0)11‘_1(Df1):Df :[0,%}

O;zo’rgosf‘l(x)sgyza K‘O’Lé’gxe‘:—g,o:l.AV Xe(—3,0j Oa éyw':
r r

0<f‘1(x)s% o <x 7 (x)<0
(1) < 1(x)go,x6(—3,oj
T
(1) lim Z2 = 1im 22 = 0
x—0~ x—0" 2

Orndre amo to kpitiipio rapeuPolis Oo éyw lim xf~(x)=0
x—0"
43.
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Eote [ opiouévn oro [0,+%) kat F mapdyovoa g f oo [0,+x) doze
va toybet 2F' (x) = xf"(x)+2 yia x>0 kat f'(1) = 2. Na SeryBovv

(I) f (x) =1+ X* y1a kG0 x>0

(II) Y diko onueio A(a, f(a)) ues a>0xwveitar otnv C, . H sparrouévn
g C, oo A téuvet tov déova x'x oo onueio B(x,,0). Bpsize tnv Oéon
tov A otV omola karowa oty ty 1oybE x, (1) =5a'(1,)

2

(III) Na Seiéere 6t 2e° < _l[[ef(x) +et ' ] dx <e™*
0

(iz - 2) e My

(IV) Na vrodoyiobei 1=
X
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(I)Exeish F napdyovoa tng [ oto[0,+») 0o éyw:

F'(x)= f (x)na kdbe x €[0,+)

Av x>0:
2F'(x)=xf'(x)+2< 2f (x)=xf'(X)+2 < 2f (x)—-2—xf'(x)=0

[Moliariaocialw kai
a SVo pEAN TS
eiowong e 1o x

2[ f(x)-1]-xf'(x)=0 X{Z[f(x)—l}—xf’(x)}:0<:>
2x[ f(x)-1]-x*f'(x)=0< —{Zx[f (x)—l]—xzf’(x)} SIR=S
—2x[ f(x)-1]+x* ' (x) =0 x*f'(x)-2x[ f (x)-1]=
[F(x)-1]=F(x)

X2 =2x
& xz[f(x)—l]—[f(x)—l](xz)'zo
Awaipd kot ta Svo pugAnN

séiowong pe 1o x Xz[f(x)_lj'_[f(x)_lj(xzy

N

o

=0

[ (x)-1] =[ £ (x)-1](x?) 17
(001 L 00-106¢) _ [f-a]
(x)
Orore vrapyet c € R téroro wore yia kabe x € (0, +oo) vV 1CY0&EL

f(x)-1

XZ

f'(x)=2cx, yix k6Be x € (0,+0)
f'l)=2¢ Zc=Zdec=1

f (X)=1+X* y1ar k0e x>0

=ce f(x)-1=cx* o f(x)=cx’ +1

(I1)Av (&) n epanrousvn tns C; oto onueio enapic A(a, f(a))-Toze
1 (&) éye eéiowon :
y-f(a)=f'(a)(x-a)= y—(a2 +1):2a(x—a)<:> y—a’—1=2ax-2a’

y=2ax—a’+1
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Av B(%,,0) 0 ko1vé onueio tns (&) pe tov déova x'x. Tére Oa é yw:

a’-1 a’ 1

0=2ax,—a’+1< 2ax,=a’ -1 X, =

a 1 1( 1
X, =——"—"— X =—| a——
2 2« 2 a

'E;gw:xo(f)%{“(t)_%}

2a 0:205 2a

Tnv ypoviki oty t, toyvet x, (1, ) =5a'(t,
. _a'(to)az(t)+1 2
W= 2
<100/ (t, ) o’ (t,) = (Jt'(to)[a2 (t0)+1] 2=
a

o 5a/(t,) = “'SO)
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(IIT) Av a, B>07d7e za;(églaJr,BZZ@
a+p>2Jape (Vo) ~2NayB+(JB) 20e (Vo —B) 20

a+ﬂ:2@<:>(\/g—\/ﬁ)2:0<:>\/E—\/E:O<:>a:ﬁ
'EO'Ta):f(x):4—f(x),x>0
f(x)=4-f(x)o2f(X)=22c f(x)=2ex*+1=2< X" =1

x>0

ox=1
Av xe|0, 1)t9aé;(a)ef(x)¢e47f(x).07ro'rgava:ef(x),ﬂz T 0 éyaw:
a+fB>2Jap e > 24 Mt 1) o X SR NP

e 1 0 5 0g? :>_[[ +e ‘f(X)de>.[2e2dx =
0 0

1

1 1
f(X) 4—f(X) d 2 2 d f(X) 4—f(X) d 2 2
I|:e +€ :| X>Ze Z')‘ X = '([|:e +€ :| X> Ze

0

Av xe[0,1]0a éyo:
0<x<1=0<x <1=1<x*+1<2=1< f(x)<2
Ocwpd tnv ovvdprnon g(x)=e* +e* ™ xe[1,2]

_ . [ €
gr(X):ex_e4x:ex_e4ex:ex[ X_e4] e (e2x_e4):

e

e~ [(ex)2 —(ez)z} —e (e +e?)(e" —¢?)
Avxe(L2)0aéym:

x<2=>e'<e’=e"-e’<0=9'(x)<0

I 0 17 1,2 v
Eyow: ( ) ( )< s gxe( ) Om)'rggi[l,Z]
(II)H g ivat ovveyiis oro[1,2]
E o (I)gi[l 2]
(IN)H g sivar ovveyiic oro[1,2]

Oﬂo'rg:g([l,Z])z[Ze ete }z[Ze ,e(1+ez)}
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g(x)<e(1+e?) - e +et " <e(l+e?)
Xe[l,Z] Xe[l,Z]
Ene1n yia k60e x €[0,1] éxow f(x)€[1,2] 6a éyw:

el et < e(1+ ez)(l)

Av X#£160a 1oyvet e >1+x

e >1+e” s ee” >e(l+e’)= e >e(l+e’) =z e(l+e?)<e (2)
Ao tig oyéoeis (1),(2) éyw:

af(0) L a4 <e(l+ez)<el+e2 :>ef(x)+e4—f(x)<el+e2’X€[0’1]

1 1
f(x) 4-1(x) d 1+e? d f(x) 4-£(x) d 1+e2
j[e +€ ] x<'([e XS![G +€ :| X<e

o

1)y 1

[X x?
(X—lz - Zjexz*ldx —

1 !

e gy = —j(l + ZXJ e gy =
1\ X
2

]

Tl

X

!

(V) Izj(—z—ZJef(x)dXZ
1
2

()1(+2xj( e* ”)’ dx b =

+ ZXJ 2xe* dx =

N

N l\)\l—-'—.l—!
< |

X | =
_|_
N
>

N
D
>
+
iy
+

Ll S

(2 + 4x2)exz+ldx =

NP N | ey

’
2 2
ex +1 :erx +1

e dx + 2.[ x2xe dx  —

|
(CRS
|

I
1
X |
+
N
>
N—
D

><l\)
+
LN
L 1
=N
_|_
I\)\I—"—;I—‘

2



5 o4 5 55
:—[3e2—3e4j+2 ez—? =-3e%+3e% +2e% —e4 =24 —¢°

44.

20x+1,x € (—0,1)

Eorw f(x) ={

ax’ +X+2,X €[1,+0)

Na Bpeive tnv riun rov a € R dore 1 oro R
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Emm%ffowﬁ@&uwaTpmJ)EwﬁﬁprmJﬁﬂmmpm@ﬂawn
610 (~0,1) Ot é oo f'(x) 2 0 yrar cifle x € (—o0,1)

f'(X)=2a yia k6Be x € (—»,1).

Onére a>0.Av a=00a éyw f(x)=1ya kabe x € (—»,1)

(Awﬂo yiari fT(—oo,l)).E vverds a >0

Ezesijn f TR yio kd0s x, € (~o0,1) ket x, € [1,+0) Ot 1yier
F(x)<f(x)

Av X =1-t,% =1+t uet>00a éyw x, € (—»,1) ka1 x, €[1,+0) Oa by
f(x)<f(x)=fl-t)<f(l+t)=2a(1-t)+l<a(l+t) +1+t+2=
lim|[ 2o (1-t)+1]< Iim[a(1+t)2+1+t+2}:>2a+lg a+3=

t—0"* t—0"

2a—a<3-1—ax?

Oa arodsiéw av a € (O, 2] n f eivatr yvnoiwg avéovoa

Av X, <X, OlaKpive TIG TEPITTWOOEIS '
(T) % < X0 %, X, €(—0,1)

(H)Xi <Xy Xy X, € [1,+oo)
(II) X, €(-0,1),X, €[1,+0)
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Hepi mrwon (1):

X, <X, a0 | 2aX < 2aX, 20X +1<2ax, +1
X,, X, € (—0,1) = X,, X, € (—o0,1) = X,, X, € (—o0,1) =
f(x)<f(x,)

Hepi nrwon (1) :
X <x, X7 < X, ax’ <aXx,’
= <X = <X =
X, X, € [1,+00) 4<% 4<%

X,, X, € [1,+0) X, X, € [1,+00)

aX” + X < aXy) + X, N axl+X +2<ax,” +X,+2 ()< ()
X, X, e[l,+oo) X, X, e[l,+oo)

Hepi nrwon (1)

a>0

X, €(—0,1)= X, <1=2ax, <20 = 2ax +1<2a+1= f(x)<2a+1
X2 >1| @0 lax,’ >«
x2e[1,+oo):>x221:{)(221}3{)(2;1 }:ax22+x22a+1:>

ax,’ +¥,+22a+1+2= f(x,)2a+3
Eyw:2a+1<a+3< a<2(loyvet)
f(x)<2a+l<a+3<f(x)= f(x)<f(x)

Yoverwsn [ ivat yvnoiwg avéovoa oro R
45,
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Alvetai n ovo popés rapaywyiowun cvvapnon R — R réroia wore .
o 11 ypapiky napaoctacn tng [ téuvertov y'y alova oo e.
e ioyvet f'(x)#0 yia kabe x € R kat
o f(e)=lim w

x>+0 5" + 3" 42
(a)Na deiéere orrvmdpyer & €(0,e) réroro dore f'(£) <0
(B)Na deiéere 6ri £'(X) <0y kdbe x € R

(7/) Na ociéere o1 | avriotpépetal kot va AVoeTe TNV eE100WOTN

f(l—f(exz)):e

(6) Na ovyrpiverar tovs apibuoig f(%},f(—j
€
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(a)Eﬂgléﬁ n ypapikn rapacracn tes [ réuvet tov y'y aéova oo e Ba
éxw: f(0)=e

srws_ Sat (5] (Y
fle)=lim> "= "2 jim—% __|

X0 5X+3X+2 X—>+00 5X+3X+2 X—>+00 3 X 1 X
IErTE 1+ = | +2| -
5 5 5

(2Y Y
1—|m — Im — im a*=0,0<a<

XL+°°(5J +3xi+w(5) AT 0430

" g =~ 1+0+2:0

1+ lim (3) +2 lim (1j

X—>+0 X—>+0

Eotw yia kabe x € (O,e) IOYVEL f’(x) >0.Tore Oa éyw:.

(I) f'(x) >0 y1x kGO x €(0,e)
fI[O,e]
0<e— f(0)< f(e)=e<1(ATOIIO)

{(I)H f efvair ovveyiig oro[0,e] wg ﬂapaya)yz'mw]}oﬂéw F170,e]

Onére vrdpyel éva tovldyiorov & €(0,e) réroto dore f'(&)<0.
Ezc151j f'(x)# 0 yiax k60e x € R O vrdpyet éva rovdd yiorov & €(0,e)
réroio dote f'(&)<0.
(B)H ovvdprnon f' eivar ovveyiic wg mapaywyioun
_|(MHovvapmon ' sivar coveyic

o {(II)f’(X)iOyzako’u%XeR }
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Ornore f'(x)>0 yia kébe x e R1j f'(x) < 0 yiax k60 x € R. Emerdi
vrapyer & ue f1(£)<00a éyw ['(x) <0 na kdbe x e R.

(7)Ezedn f'(x) <0 yia ke x € R mpoxvnret otin f eivar yvnoiog
pBivovoa oro R.Zvverwg n [ ivair"1-1"oro R.Oxore n f

QVTIOTPEPETAL.
f(l—f(exz))zef<(0:);:>e (1—f(ex2))= f(O)gll—f(exz)=O<:>
f(e)=1 f 11"

f(eXZ):l@ (exz): f(e)<:>eX2 —eo X =lox=11

AV a, B ouoonuot tote 1cyvEL N 1Ic0OLVAULA .

(]/) oc>ﬁ<:>£<i
o o

11 1y (1
3>e=—<-— fl=|>f|=
37 e (3) (ej

46.

4
Na vroldoyiorei 0 oloxkAnpoua Hx?’ —2x° —x+ Z}dx
0
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x3—2x2—x+2:w@(x—Z)—(x—Z):(x—Zﬂxz—1y:(x—2Xx—1Xx+1)

Ocwpan tnv dcvrepofabuia eEiocwon .

x—2=0 X=2
UZXXQOC?{ 1 }¢>{ﬁ }
x-1=0 x=1

X —00 1 2 +00

(x=1)(x-2) + 0 0 7
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Av0<Xx<10a éyw:
{(x—zgg—nzo}j {(x—lex;ll) : o}j {(x—lex—;)zo}j

(x=2)(x-1)(x+1)20= X’ -2X° —x+220=

‘x3—2x2—x+2‘:x3—2x2—x+2

Ororze: ‘xg —2x? —x+2‘ =x—2x*—x+2 i kabe x € [0,1]

Av1<X<20a éyw:
{(X—2)>((X)—1)S0}:{(X—2)(1X>—11) 20}3{(%2)(;—;)@}:

(x=2)(x-1)(x+1)<0=x*-2x"-x+2<0=

‘x3—2x2—x+2‘:—(x3—2x2—x+2)

Orore: ‘xs —2x? —x+2‘ :—(x3 —2x? —x+2) yia K60s x € [1,2]
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Av2<x<4 0o éymw:

{(X—Z)(x—l)zO}j{(X—Z)(x—l)zO}:{(X—Z)(x—l)zo}:

x>0 Xx+1>1>0 X+1>0
(x=2)(x-1)(x+1)2 0= x’-2X* - x+220=

‘x3—2x2—x+2‘:x3—2x2—x+2

Orore: ‘x3—2x2—x+2‘:x3—2x2—x+2}/za Kd@gxe[2,4]

:ﬁ‘xg—sz—x+2‘dx=
(1). 2 4

| ‘xg—2x2—x+2‘dx+”x3—2x2—x+2‘dx+'ﬂx3—2x2—x+2‘dx:
0
1 2

'(x3—2x2—x+2)dx—I(x3—2x2—x+2)dx+j4.(x3—2x2—x+2)dx:

+
3 3
1—g—1+2)—(6—Ej+(£—g—i+2}{64—%)
4 3 2 3 4 3 2 3
_(6_§J:2(£_3_£+2] 2(6_Ej (192 128

3 3 3
2(3 8 6 24) 2(18 16)+%:213 22+64
3

12 12 12 12 3 3/ 3 12 3 3
13 4 64_13 60_13 . 13 120 133
6 3 3 6 3 6 6 6 6
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e*+a-1 e’ -1
—— xeRkarg(x)= ,
x> +1 g(¥) e*+1

XeR omov a € R wore Inx < ax—a yia kabe x > 0.

Ocwpodue tig ovvaprioeis f(x)=

a.Na arodsiesre otta =1

B.Na anodsiéste 6t1n g avriopéperal kaive Bosite thv g .

y.Na Avoete tyv eéiowon f(x)+ Jx = g(x)

1
0. Na aroodeilere ot I J (X)dx <1
X
0

f(x)
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a.Inx<ax-a<Inx—ax+a<0na Kd@gxe(0,+oo)
Ocwpd tnv ovvaprnon h(x)=Inx—ax+a,x e(0,+x)
h(l)=Inl-a+a=0

Eyw h(x)<0ya kdbe x €(0,+x). Tore Oa éyw:
h(x)<h(1) yi kG0 x € (0,+0).Zvverds n ovvaprnon h
mapovoidlet pé tiun ortnv Oéon x, =1rov apifué h(1)=0.

'E;(a):h'(x):l—a,Xe(O&oo)
X

(I) To onueio x, =1¢eival ecwtepixé onueio tov Siaoriuarog (0,+0)

(II)To onueio x, =1eivar Géon tomxob akporaTov

(IIN)H ovvdprnon h sivar mapaywyioun orn Géon x, =1
Orore n ocvvaprnon hikavornoisi tig npovroBéosis ToL OswPNUATOG
rov Fermat oro onueio x, =1. Ondre O éyw .
W(1)=0e1l-a=0ca=1

, , . e"+a-1 e'+1-1 e
Sovends Oa €y ovvaprnon f(x)= T T ol Sl

ee1 (€411 @1 2 2

e 4l e’ +1 e 4l ef 41 e+l

B-9(x)




144

o922

(ex +1)2 (ex +1)2

Erzsion g'(x) >0y kabe x € R n g eival yvnoiws avéovoa. Zoverws n

g eivai"1-1" ovvernacs avriopépsrai.

Y== <:>y(ex+1):ex—1<:>yex+y:ex—1<:>yex—e":_y_1<:>
e’ +1

- (1-y)=—(y+1) e (1-y)=y+1(1)
Eorw:l-y=0< y=1

Avy=1lano v cyéon (1) Oa éyw:
0¢* =0( ATOIIO)

Yovverwgl-y#0&< y#1

{(e>((1—)’)=er-1}¢:> “1-y) _y+l o = YH

1-y -y & 1-y
y=1

y=1 y=1
y+1
—>0 1 1- 0 —y?
Oa mpéret:<1-y <:>{( +y)( y)> }@{1 y1>0}<:>
y =1 y#1 y #
\/a—2=a X|<f<=—-0<x<6,60>
1> y? - y2 <1 o \/F<1 N |y|<1H9 <9:>990
y=1 y=1 y#1 y=1
{—1<y<1}
< -1l<y<l
y=1
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Apa Oa éyw:
eX:—yJrl n
1-y t& 1-y
-1<y<l1 -1<y<l1
Onére D_, =(-11)
g

9_1:(—L1)—+]R,g‘1(x):|ni___

e (x2 +1)—2xeX e (x2 —2x+1)

(x2+1)2
Av xe(-0,1)U(L,+0) ba éyow:
x#1 x-1£0] [(x-1)">0
e°>0r=4e">0 =><e">0

x*>0 x> >0 x> +1>1>

(x—l)2 >0

(x2+12>0 (X2+1)

(x2 +1)2

(x-1)° >0
—=:e>0
0 x> +1>0

X _ 2
Je*>0 :>e(x Y >0= f'(x)>0

)
(I) () >0 y1cx k60e x € (—0,1)
(

f’
Eyw:{(I1) f'(x)> 0 yiax ke x € (1,+0)

(x2 +1)2

(IIT) H ovvaprnon f eivar ovveyiis oro onusio x, =1

Ororen f eivar yvnoiwg avéovoa oro R
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'E;(a):f(x)+\/;:g(x)(2)

@aﬂpéﬂgzxZO:xZO;if(x)Zf(O)f(:());lf(x)zl

X20:>\/§20

f(x)>1

{\/;20 }:f(x)+ X >1
{;X:OO}:eHbO:ex+1>0:>—ex+1<0:>1—ex+1<1:>g(x)<1

Ao tnv (2)ba éyw:
f(x)+Vx=g(x)
f(x)+vx =1 (ATOIIO).Apa 1 eéioworn (2) Sev & yet Avorn
g(x)<1
O.Av XE(O,].] Oa éyw:.

fTIR

x>0=f(x)>f(0)= f(x)>1=

<1

1
f(x)

xe(0l]=>x>0=e" >1=e" -1>0=

X

—>0=9(x)>0

e"+1
Soverds 0< g(x) <1y kabe x €(0,1]

0<g(x)<1
140< 1 <1 :g(x)

f(x) f(x)

<1y k60e x (0,1]

X
1 1 1

O?Zé’[&‘:j g(x)dx<jdxz>j g(X)a’x<l
0 0 0

f(x)

48.

1
Eotw f:[0,1] > R ovveyiig mov ikaviowsi tyv oyéon J. S (x)dx =%
0

Na Ssiyrel ot vrapyet x, € (0,1) UE f(xo) = X,
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Ene161n ovvaprnon [ eivar ovveyis oto[0,1] 7dre n ovvaprnon
G(x) :J f (t)dt eivar apyuixij ovovapron tng f.Loverdg vrdpyet

0

apyiki ovvaprnon g f oo [0,1]. Eotw F apyixij ovovéptnon g f

(I)H f givai ovveyiic oro[0,1]
Eyw:

(H) H F ¢civar apyixn ocovaprnon tng f
Tore ano o Ocucdinodes Ocwpnua tov OLokAnpwrikod Aoyiouod
Oa éyw:

1

. j;f(x)dx=2
[1(o0x=[FL, = FO-FO)=5©FO)-5=FO

(I)H g eivai ovveyiis oro kAgiotd Sidornua [0,1] wg mpaéeis
OLVEY WV CUVAPTHOEWDV

Eyo:{(I)H g sivar mapayoyiown oro avoukré siaornuea (0,1) wg
TPOEEIS TAPAYOYIOIUDYV COVAPTHOEWV

() g(0)=9(1)

Orore n ocvvaptnon ikaviolEl Tig Tpovmobéoels Tov Bewpn uatos Tov

Rolle oro kleioro disornua [0,1]. Orore vrapysl eva ToLAG y1oTOV

X, (0,1) réroro dore g'(x,) =0

{g’(xo)zo}:{f (%) =%, =0}:>{f (%)= xo}
X, (0,1) X, (0,1) %, (0,1)
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49.

Na Bpeite tqv popei tne rapaywyiciuns cvvaprnons f R - R
Yl TNV OmoL A LIOYEL !

f(x+y)=f(x)f(y),x,yeR
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'E;(a):f(x);tO}/za kabe x e R
Avx=y=00céyw:
f(0+0)=f(0)f(0)< f?(0)-f(0)=0< f(0)[ f(0)-1]=0<
f(0)= 0(142’072'0 nari f(0)#0 )
i < f(0)=1
f(0)-1=0
Ension n ovovaprnon eivar rapaywyiown oro onusio x, =00a éyw

f'(O)zIXiﬂg f(x); f (0) ]glf'(o)=!(m$
(o) = lim e =T 06) i £06) F(0)=F () _

x—0 h x—0 h

[Mollariacialo kat ta
ovo uéAn tne e&iowong
HE TO g MO

Oﬂo’fgf'(x)=f(x)f'(0)<:>f'(x)—f(x)f'(O)zO P
e " fr(x)—e " (x)f'(0) =0 f'(x)e O 4 f (x)[ef’“’)X]' =0

[ f (X)e_f'(o)x] =0 y1a k60e x € R. Zvvenwc vrapyet ¢ € R téroto

WOOTE VAL ICYEL .
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f (X)e—f'(o)x =co f (x)e-f’(o)xef'(o)x —o' 0 o f (X) _ el

f(x)=e"c= f’(x)zef'(o)xf'(O)C;f’(o):eof’(o)cc
£1(0)= £(0)c > £/(0)c—(0) =0 £'(0)(c—1) =0

n g n
c-1=0 c=1
Av f'(O):O
f(x)=e"%c=f(x)=¢€c=c
x=0

f
Orndre: f(x)= o f (O
Ave=1:f(x)=e Pc =g

Onére:|f(x)=e™

Avriotpopo
f(x+y)=et =g =g = f (x) f ()

f(x)=e™#0yia kGO x e R

H ovvaprnon sivar rapaywyiocwun wg octvlson tov rapaywyicyiov

OCLVAPTHOEDV aX KAl e".

50.
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Eotw n ovvéptnon f(x)=In (x N +1)

I',. Na arnoociéere orin f sivar megpirri oro R

I',.Na anodeiéete 6rin f(R)=

I[',. Na anodeiere étin kapniAn kéurrerar oro onueio tns 0(0,0)

I',. Na arodeiéere o1
aj x)dx = OKOCZ,BJ x)dx < 2

I's. Na anodeiéere tivndpyerr €(0,1), doze :
0

jf(x)dx+2 if(x)dx—Z

-2

r—1 rs
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r,.D, ={X€RIX2+120, x+\/x2+1}

X2>0=>x2+1>1>0= x2+1>0
o 4df laf=|-a]

1>0= X2 +1> X2 = /X +1>\/7 — VX +1>[X| = VXE+1> |-

S VX +1> X2 x=2 VX +1> x=2 VX +1+x>0 o[z«
Orore:D; =R

XeD; >xeR=-xeR=-xeD;

f(x)+f(—x):ln(x+M)+ln(—x+\/(—x)72+1):
In(Vx +1+x) (V1) =] (Ve e 1 x) (Vo +1-x) |

In{ } In(x +1- x) In1=0
f(x)+ 1 (-3)=0=> £ (-x)=—1 (x
(I)xe D; = -xe D,

{(H) f (—x)=—f (X) i kd0e x € D, }

Ororen f eival mepirry

r, [lnF(x)]':%,F(x)w , mz:/%f X)>0

p , (X2+1), 2X
NG Jx2 1+ 1+
f,(x):(“ X +1) 1*( 1) X +1 _ 241 _
X+4x°+1 X+VXT 4+l X+VxP 41 x+UxP+1
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><I\)
+
|
+

X

x® +1 @i 1

x+ i+l VX2 +1W

Ereish f'(x)> 0y kébe x e Ry f eivar yvnoiwg adéovoa oro R

—+

I'\J

(D) H f eivar yvnoiwg adéovoa oo (—wo,+0)

(INH f eivai cvveyiis oro (—»,+0) ovvaprijcenv wg apdéeis

OLVEY OV

f ((~om,r0)) = fim £ (x), lim  (x))
Oétw:t=vx*+1+x

Av X— —x©

x—>—oo:>x<0:> x|

/ =l
=X +1+x= 1+— Fx =X +—+x — |x| +%+x=

X—>—0=

x<0:\x\_
1+i2+x x[—‘/1+i+1}
X X
1 1
lim X = —o0, lim 1+—2 =— 1+ I|m—+1— —J1+0+1=0
X—>—00 X—>—00 X—>—°0X

e X 1+x)( x° +1- x): (M)Z—xz i

X +1-x x2(1+1)—x

X—>—00=
W2 +1— %2 N \x\ x<0:\x\

1 1
/ / X |
VX 1+12—x x| 1+——x —X 1+——x 1+12+1
X X
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Iimt——Iiml 1 =—0 1 .
X—>—00 X——0 ¥ ] f
1+ lim 12+1 1+0+1
X—>—0 ¥
lim £ (x) = Jim In(> +1+x) = limInt = o
X—>—00 X—>—00 t—0"
AV X— +o0

x—>+oo:>x>0:> x|

(— Ve
t=vx*+1+x=|%° 1+— x=Ax 1+—+x — |x| 1+Xi+x—

X—>+0=

x>0=|x|=x
— X 1+—+x x( 1+—+1}
\/ x? \/ X
limt=lim x[,/1+ lim iz+1]:(+oo)(\/1+0 +1):
X—>+00 X—>+00 X—>+o X

lim £ (x)= im In (% +1+ x) = lim Int = +20

X—>+00 X—>—+00 t—>+0

Orore: f((=e0,+0)) = fim f(x), lim f (x))=(~e0,+0) = R

X—>+00

F(x) F*(x) 2,F(x)
/ (X2+1)I 2X
' 2
fu(x)_ 1 :_( X +1 — 2 X2+1 _2 X2+1_
X2 +1 X2+1)2 x> +1 X2 +1
X X

(412 (2 +1) (@ +1)

AvX<0=-x>0= -

5 >0= f"(x)>0
(x2+1)2

Ezci1 [ (x) >0 yia k60e x € (—0,0) 17 f givar kvprij oro (—0,0)
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AvX>0=>-x<0= -

-<0= f"(x)<0

(x2 +1)E

Ezei51 [ (x) <0 yia ke x €(0,+0) 17 f givar koi An oo (0,+x)

(D)H f eivat kvprij oro (—,0)
(INH f eivar koiAn oro (0,+x)
(II1) Y zapyet epanrouévn tne C; oro onueio (O, f (0)) yiarti

n t rapayoyiowun ornv Géon x, =0
f(0)=0

Orore to onueio ((0, f (0))) — (O, 0) EIVaL ONUETO KQUTTNG
2 0 2

F4.I f(x)dx:f f(x)dx+If X)dx
2 -2 0

0
To odoxrpoua If(x)dx
2

Oétw . x =—t
X=0:-t=0<=1t=0
X=-—2-t=-2c1=2

dx =(-t) dt=—dt

Jr0m- [0 rne{ 1 a)
froa e opanf ron-f e
1 (x= [ 1 (] (o jf (s 131000

Ocwpd tnv ovviprnon h(x)= f(x)- x,xe[O,Z]
1 1 X +1

h'(x) = f’(x)—lz\/i x2+1

Avxe(0,2):

X2>0= X2 +1>1 VX +1>1=21<UXP+1=1-UX2 +1< 0>
h'(x)<0
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Av Xe(0,2):

X*>0= x2+1>1:>M>1:>1<\/m:>1— X*+1<0=
h'(x)<0

(I)H h eivai ovveyijc oro [0,2]

{(H) h'(x) <0 1 k60e x €(0,2) }

Orore hl[O, 2].Avxe(0,2] Oa éyw:

hi[0.2]

xe(0,2]=x>0= h(x)<h(0)=h(x)< f(0)=h(x)<0
h(x)<0 f(x)-x<0 f(x)<x] 2 ,
XE(O’Z]}:{XE(O’Z] }S{Xe(o,z]}jlf(X)dX<gxdx:>

2 2 2 2 2

f (x)dx<{%}O :i f (x)dx<%—%:>J' f(x)dx<2

0

I..Eyw: j)‘f(x)dx:—j.f(x)dx

2 2

0 2 o 2
J f(x)dx+2 J.f(x)dx—ZJf(X)dX}If(x)dX —J. f(x)dx+2 J'f(x)dx—Z
2 _0 0 _20
r-1 re < r—1 r
2 2
—Uf(x)dx—Z] If(x)dx—Z
o 0 =20 &
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_2[ f(x)dx—220
10 11

3
G o el

2 _1 2
jf X—2 m: jf X—2 :

f(x )dx<2:>j X)dx — 2<o:»j X)dx — 2¢o}

r+r-1=0

Ocwpa v ovviprnon g(x)=x"+x-1
9(0)g(1)=-1d=-1<0

OJ O ey O

(I)H g eivai ovveyiis oto kAgiord Sidornue [0,1]ws moAvvouukii
() g(0)g(1)<0

Ornore n g ikavornoiel tic npovrobdéoels tov Bolzano oto kAELOTO

Swornua [0,1). Apa Oa vrapyer éva tovAd yiorov r €(0,1) téroio

wore g(r)=0

reton)=lreen ]



